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Tuning Two-Dimensional Hyperbolic Plasmons in Black Phosphorus
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Black phosphorus presents a very anisotropic crystal structure, making it a potential candidate for hyper-
bolic plasmonics, characterized by a permittivity tensor where one of the principal components is metallic
and the other dielectric. Here we demonstrate that atomically thin black phosphorus can be engineered to
be a hyperbolic material operating in a broad range of the electromagnetic spectrum from the entire visible
spectrum to ultraviolet. With the introduction of an optical gain, a new hyperbolic region emerges in the
infrared. The character of this hyperbolic plasmon depends on the interplay between gain and loss along

the two crystalline directions.
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I. INTRODUCTION

Semiconducting two-dimensional (2D) crystals are
excellent platforms for tuneable optoelectronics, thanks
to their remarkable response to external electrical and
mechanical stimuli [1,2]. In particular, atomically thin
black phosphorus [3—6] (BP) has shown extraordinary
tuneability of its optical and electronic properties by
several methods [7], such as electrostatic gating [8—
12], chemical functionalization [13], quantum confinement
(number of layers) [14], external strain [15], or high pres-
sure [16,17]. This allows the control of light-matter inter-
action in these materials, in particular the dispersion of
collective polaritonic excitations [18].

Apart from being a highly tuneable optoelectronic crys-
tal, the lattice structure of black phosphorus is very
anisotropic [1,19]. The in-plane anisotropy implies opti-
cal birefringence, of which the extreme limit would be
hyperbolicity, where the permittivity tensor has principal
components of opposite sign [20-23]. Recently, in-plane
hyperbolicity was implemented experimentally in the GHz
frequency range using a metallic metasurface [24]. More-
over, in-plane hyperbolicity in natural van der Waals mate-
rial ®-MoQO3 was reported and the existence of hyperbolic
surface polaritons was experimentally verified [25,26].
The strong anisotropy of black phosphorus suggests its

* .
edovanveen@gmail.com

2331-7019/19/12(1)/014011(9)

014011-1

potential as a natural hyperbolic material, offering new
possibilities for actively manipulating polaritons in 2D,
such as directional plasmons, light emitters, superlens-
ing effects, [23,27] etc. Hyperbolic materials possess large
photonic density of states, which has been used to enhance
spontaneous emission [28], nanoscale heat transfer [29],
as well as for applications in broadband absorption [30]
and biosensing [31]. These characteristics also appear for
hyperbolic 2D materials and metasurfaces [32].

In this paper, we discuss the possibility of driving black
phosphorus into the hyperbolic region via electrostatic
tuning, strain, or layer number. We demonstrate that atom-
ically thin black phosphorus can be efficiently tuned to
become hyperbolic in a broad spectral range from the
entire visible spectrum to the ultraviolet. In addition, the
presence of a band gap in excess of the optical phonon
energy lends itself as a possible 2D semiconductor gain
medium [33,34]. With the introduction of a population
inversion, we show that optical gain results in a new hyper-
bolic region in the infrared. Finally, we study the behavior
of plasmons in both of these hyperbolic regions.

II. OPTICAL CONDUCTIVITY AND BAND
MODEL

We describe black phosphorus by means of a p.-
orbital tight-binding model fitted to ab initio GW

© 2019 American Physical Society
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methods [35,36].

H= tycle + ) hacic, (1

i#j i#f

where cj (c;) creates (annihilates) an electron at site i, and
ten intralayer #; and five interlayer ¢, ; hopping terms are
considered in the model. The band structure we obtain cor-
responds to an anisotropic direct band-gap semiconductor,
with the gap at the I" point of the Brillouin zone.

The model can be straightforwardly extended to incor-
porate arbitrary electrostatic and strain fields. An electric
field is applied by modifying the on-site potentials with
€; = e X AU X z;, where e is the elementary charge, AU
is the bias voltage (with units V/nm), and z; is the z
coordinate of site i.

On the other hand, the application of external strain
leads to a variation of the interatomic bond lengths, which
further modifies the hopping terms as [37]

vy — 15
tiy (rij) = t; (rg) < — Bjj |—) ’ )

where |r2| is the distance in the equilibrium positions
between two atoms i and j, |r;; | the distance in the presence
of strain, and 8; = —dlInt; (r)/d ln(r)|r_Ir | is the dimen-

sionless local electron-phonon coupling. A microscopic
estimation of B;; can be done based on the direct compari-
son between ab initio and tight-binding calculations. Here
we use § & 4.5 because this value was proved to give a
matching between ab initio and tight-binding calculations
for the direct-to-indirect band-gap transition under uniaxial
strain [38]. The mechanical properties of black phosphorus
are highly anisotropic, with zigzag direction being about
four times stiffer than armchair direction [15,39]. There-
fore, we use uniaxial strain along the armchair direction
for our calculations, accounted for by the strain tensor
€ac = €, diag(v2%, 1, —v¥°), where the Poisson ratios v are
estimated to be v3® ~ 0.2, and vi® ~ 0.2 [39]. We notice
the importance of considering the out-of-plane Poisson
ratio v, in our calculations, which accounts for the widen-
ing (flattening) of the lattice under compressive (tensile)
strain.

The optical conductivity in the zigzag (oy, ) and armchair
(0yy) directions is given by the Kubo formula

Reloou(@)] = == [ 1m| Y | (KilJiallg)
@ BZ i
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Here, |ki) and Ey; are the eigenstates and eigenenergies
for momentum k and orbital i. gg = 2 is the spin degener-
acy, €2 is the unit cell surface, and § = 5 meV is a small
damping parameter. Jy, is the current operator in the o
direction:

ie
Jka = 5

ij

e K (0 — ket . (@)

Moreover, f (E — u) is the Fermi-Dirac distribution
with Fermi level u:

1
JE - = T 1’ &)
where we set 7= 300 K.
We can replace f (£) with a quasiequilibrium distribu-
tion ng(E, Ap) to introduce population inversion, which
will produce optical gain [40,41]:

Eg
nr(E) = 0(E)f <E +o Au>

Eg
+0(-E)f (E -5 AM) ; (6)

where E, is the band gap.
Using the Kramers-Kronig relations, we can also obtain
the imaginary part:

R aa
Im[aaa (CU)] = __7)/ ° g (602) dw'. (7)
—
III. HYPERBOLIC REGIONS

We first define the condition for hyperbolicity. We note
that the real part of the dielectric permittivity is propor-
tional to Im(o'), a consequence of current continuity. Then,
a hyperbolic region appears when

Im[o ()] x Im[oy, (w)] < 0. (®)

On the other hand, Re(o), is directly proportional to the
optical absorption of the free-standing 2D layer. For pris-
tine bilayer BP, the optical conductivity components are
plotted in Fig. 1.

The first thing we observe is that the peculiar puck-
ered structure of black phosphorus leads to a strong linear
dichroism, i.e., a large difference in optical conductivity for
incident polarized light along armchair and zigzag direc-
tions [42]. For a bilayer sample, its optical absorption
revealed two sharp peaks along the armchair direction, due
to the two interband excitations indicated in red in the band
structure. These resonantlike features, for light polarized
along the armchair direction, has also been observed exper-
imentally [43]. In contrast, light polarized along the zigzag
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FIG. 1. (a) The imaginary part of the optical conductivity

of bilayer black phosphorus in units of oy = me?/2h, show-
ing a hyperbolic region (shaded) where Im(o,,) x Im(o,,) < 0,
starting at w = 2.8 eV. (b) The real part of the conductivity cor-
responding to (a). The dashed lines show a fit of the conductivity
around the second peak, using the Fano model as described in
the text, with resonance width I',es = 0.1 eV, Fano parameter
gr = 1.5eV~!, and n = 3. (c) The corresponding band structure,
with optical excitations indicated in red, causing the two optical
peaksatw =1.2eVand w = 2.6 eV.

direction shows a featureless monotonically increasing
optical absorption instead. Whereas Im(oy,) is negative
throughout the spectrum, Im(oy,) goes from negative to
positive around w;, = 2.8 eV, which results in a hyperbolic
region starting at that frequency.

The sign change in Im(oy,) along the armchair direc-
tion is key to the appearance of the hyperbolic region as
indicated in Fig. 1. This can be traced to the resonantlike
feature in the optical absorption Re(o,,) at wrs = 2.6 €V.
The spectral shape of Re(o,,) can be described by a Fano
resonance curve

o N (@rTlres/2 + @ — a)res)z
Fo (Fres/z)2 + (a) - a)res)z

)

and setting o, ~ @". A fit of these curves to the region
around the second peak in the optical conductivity of
bilayer black phosphorus is shown by the dashed lines
in Fig. 1. Its Kramers-Kronig pair, which correponds to
Im(o,,), reveals a sign change after w.;. Hence, we can
attribute the origin of hyperbolicity to the strong and
anisotropic resonantlike interband transitions.

If we introduce population inversion [Eq. (6), Fig. 2],
however, the situation becomes qualitatively different: a

2
§ 0
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— 24— Re(oza) B \‘\," —— Re(oyy)
(o) e

1.5 2.0 r
w (eV) k

FIG. 2. (a) The optical conductivity of bilayer black phospho-
rus with photodoping A = 0.5 eV. (b) A close-up of the region
where Re(oy,) < 0, showing a new hyperbolic region (shaded)
for w < 1.27 eV. (c) The corresponding band structure around
the " point, with the population-inverted pockets shown in blue
and orange.

new hyperbolic region appears in the infrared range. Here,
we assume that the quasi-Fermi levels are such that u; =
e, and that the electron and hole baths can be described
by a common temperature [see Fig. 2(c)]. Optical pump-
ing [44,45], where electrons and holes are generated in
pairs, of a charge neutral system with particle-hole sym-
metry would fit such a scenario. The optical gain causes
Re(oy,) to become negative. The spectral window where
Re(o,,) < 0roughly coincides with £, < w < E; +2Ap,
where optical transitions between the population inverted
electron and hole bands are allowed. In the region up
to w = 1.27 eV, we find that Im(o,,) > 0. In the zigzag
direction, the real part of the conductivity also flips sign
between E, < w < Eg + 2A . The imaginary part in this
direction, on the other hand, remains negative through-
out the entire frequency range, causing a new hyperbolic
region in the infrared.

Since the origin of the hyperbolicity is related to
the strong resonantlike anisotropic interband absorption
between the largest conduction and valence subband
indices, one expects that the spectral range of hyperbolic-
ity can be tuned with band-structure engineering. Indeed,
the onset of the hyperbolic region w; can be tuned with
the number of layers, strain, bias, and doping (Fig. 3). For
example, as the results show in Figs. 4(c) and 4(d), under
compressive strain the band gap of bilayer black phospho-
rus becomes smaller. As a result, the optical peaks shift to
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Monolayer

Monolayer, strain —5%
Monol., bias 4.3 V/nm
Monolayer, g = 1.0 eV
Bilayer

Bilayer, strain —5%
Bilayer, strain 5%
Bilayer, bias 1.0 V/nm
Bilayer, bias 2.6 V/nm
Bilayer, = 0.7 eV
Bilayer, p = 1.4 eV
Bilayer, Ay = 0.5 eV
Trilayer

Tetralayer

FIG. 3. The hyperbolic region (indicated in black lines) for
different tuning parameters. The visual spectrum is indicated in
color.

lower frequencies and w; goes down [15]. For increasing
bias in the bilayer case [Figs. 4(e) and 4(f)], the hyperbolic
onset frequency wj, first goes up, because the bands corre-
sponding to the excitation causing the second peak move
away from one another. Then it goes down as the band gap
closes and a new peak appears in between the two exist-
ing peaks, because breaking the mirror symmetry in the z
direction allows for new hybrid transitions [43]. Moreover,
wy, goes up for an increasing number of layers, because
extra layers add peaks to the optical conductivity in the
armchair direction, and the hyperbolic region appears after
the last peak. Finally, for increased doping, w; moves fur-
ther up, as the first peak becomes less prominent due to
Pauli blocking.

IV. HYPERBOLIC PLASMONS

Finally, let us consider characteristics of plasmons that
can be supported by a hyperbolic material. We assume
that the plasmon propagates at an angle x with respect
to the x axis, where the plasmon wave vector takes the
form q = g.e; + g,e, + ie.y, where g, = g cos x, g, =
qysinx, q) = ,/q? + g3. The dispersion relation for the
hyperbolic plasmon takes form

qi =7+ k. (10)

kt = w*pogo, and

Oqq(X) = 0ux COS” X + 0y sin” 1, (12)
011 (x) = oy sin® x + 0y, cos® x. (13)

The isofrequency contours [w(gy,q,) = constant], calcu-
lated using Eq. (10), are presented in Fig. 5. We consider
the cases of black phosphorus with gain [0y, = (0.07 —
i6.4) x 10709, 0,, = (—0.03 + i0.60)59] and black phos-
phorus under strain [0y, = (0.20 — i0.31)09, 0, = (0.20 +
i0.54)0¢]. It can be seen from Figs. 5(a) and 5(b), that
only in the case of black phosphorus with gain the isoftre-
quency contour resembles a hyperbola with the asymptotes
defined as

Im(oy,)

. (14)

t =
Ao ' Im(oy,)

For black phosphorus under strain, the isofrequency con-
tour resembles a figure-of-eight shape, even though the
hyperbolicity condition (8) is met.

This behavior stems from the fact that the hyperbolic
shape of the isofrequency contour is related to the poles of
the denominator in Eq. (11), defined by zeros of o4q (i.e.,
when 0gq — 0, then |y| — oo and |g;| — 00). In particu-
lar, it is straightforward to demonstrate that in the case of
a purely imaginary conducitivity tensor (i.e., no losses or
gain) the condition o4q = 0 leads to Eq. (14) for hyperbola
asymptotes.

If the components of the conductivity tensor are both
lossy [Re(0xy,y) > 0] or both have gain [Re(0yy,,) < 0],
the module of the conductivity, |ogql, is never zero. In
fact, for the hyperbola asymptote angle o, qu(X0)| =
[Re(oy)| cos? xo + |Re(oyy)| sin® xo.  Thus, {aqq(X0)|
increases with the increase of |Re(axx,yy)| both for the
lossy material and the material with gain. This leads to
the decrease of g (xo) and, eventually, destroys hyperbol-
icity when either losses or gain are too high. For example,
this is the case in black phosphorus with strain presented
in Figs. 5(b) and 5(d). The high losses of the material in
the hyperbolic regime lead to the hyperbola folding into a
figure-of-eight-shape isofrequency contour. Moreover, the
plasmons itself are very lossy in this case as is quantified
by ratio Req /Img) in Fig. 5(d).

The case where one of the components of the con-
ductivity tensor is lossy [Re(oy,) > 0], while the other
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FIG. 4. The optical conductivity of bilayer black phosphorus (a) pristine; (c) with strain €,, = —5%; (e) with a bias of 2.6 V/nm.
The corresponding band structures are given in (b),(d), and (f), respectively, with optical excitations indicated in red.

has gain [Re(0y,) < 0], requires separate consideration. In
this case, 0gq(Xx0) = [Re(ow)| cos? xo — \Re(ayy)| sin? xo.
When both the losses and the gain are small, then ‘aqq( X0) ]
is small as well, which allows for the isofrequency contour

(@  Gain,w=1.08eV (b) Strain, w=32eV

400 A 50 1 P
200 —\/ 25
= 04 '/,/"’/ = 0
> Pt : >
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FIG. 5. Isofrequency contours and figures of merit for hyper-

bolic materials with gain (Ap = 0.5 eV) and strain (¢, = —5%),
calculated using Eq. (10). The hyperbola asymptotes (orange
dashed lines) are defined using Eq. (14).

to preserve the hyperbolic shape, as is the case for black
phosphorus with gain presented in Figs. 5(a) and 5(c).
This is, however, a rather trivial case, which can be
observed in pure lossy materials when the losses are small
[23]. A nontrivial property of a material with gain is that

0qq = 0, when tan xo = \/lRe(axx)l / |Re(ayy)|. That con-
dition, together with Eq. (14), indicates that the isofre-

quency contour preserves its hyperbolic shape for arbitrary
large losses and gain, as long as the following holds true:

15)

This equation is indeed beneficial for the case of the
hyperbolic plasmons when one of the components of the
conductivity tensor has gain, while the other one is lossy,
by considering isofrequency contours for the materials
with different values of gain. To illustrate this, we choose
black phosphorus under strain, and assume that a gain is
added to the y component of the black phosphorus con-
ductivity, with the gain values [Re(o,,)] indicated in the
legend of Fig. 6. Due to high losses, the isofrequency con-
tour of black phosphorus under strain does not resemble
a hyperbola. Countering the high losses with high gain is
not beneficial for restoring the hyperbolic plasmons [see
Fig. 6(a)] as this leads to a high magnitude of o4q. How-
ever, we can recover the hyperbolic mode by matching
oy to oy, using Eq. (15), as can be see from Fig. 6(b)
[Re(oy,) = —20 uS]. A further decrease of gain breaks
the resonance condition (15) and leads to distortion of the
hyperbola [—10 uS and —1 S in Fig. 6(b)].

Oxx = —0y, tan xo.
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FIG. 6. Isofrequency contours for hyperbolic materials with

different values of gain. o, = 12 —il9 uS, o,, = Re(o,,) +
i33 1uS). Re(oy,) is indicated in the legend in (a),(b).

Bilayer black phosphorus as a hyperbolic material
also offers the possibility of spontaneous emission-rate
enhancement through the Purcell effect [46,47]. We defer
these results to the Appendix.

V. CONCLUSION

In conclusion, we show in this work how black phos-
phorus can be made hyperbolic across a broad spectral
range, in particular in the visible wavelengths. We show
how the spectral location of these hyperbolic regions could
be tuned via electrostatic bias and strain. We further study
the influence of optical gain on the hyperbolic plasmons
and show the appearance of a new hyperbolic region in
the infrared. The ease of such a tunability of the plas-
mons as shown in this work, opens up new opportunities
for actively tunable flatland nanophotonics [48—50], par-
ticularly with regard to optoelectronic devices [51] in
the direction of sensing wavefront control [52], nanoscale
heat transfer [29], and spontaneous emission-rate enhance-
ment [28].
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APPENDIX: PURCELL FACTORS

When an excited emitter is placed near a nanos-
tructure supporting a photonic mode, the rate at which
the former gets rid of its energy is modified compared
to the case when the emitter is in free space. This
phenomenon is referred to as Purcell enhancement or
spontaneous-emission enhancement. Hyperbolic metasur-
faces also offer the possibility of spontaneous-emission-
rate enhancement through the Purcell effect [46,47]. Since
bilayer black phosphorus supports hyperbolic plasmon
modes, we present the possibility of Purcell enhancement
in this system. In order to study spontaneous-emission-rate
engineering in an anisotropic 2D material, we employ the
formalism of Ref. [32], where

P 61 .
S=—=1+ k_n - 3{Gs(rg, ro; )} - N
0

=& (A1)

If we consider only the vertically polarized dipole emitter
(i.e., polarized out of the plane of the black phosphorus
sheet) placed a distance d above the sheet, the scattered
Green tensor simplifies to

i - {Gy(ro, ro; )} - B

- #/ / Coph - My - e/l k,

(where pp denotes “p-polarized to p-polarized tensor
element”). Here the two terms in the integrand are given by

k2
-ﬁ:k" (A2)

?)
N|

E5M

and
~20,,Z* + Zy0),) + Z30,,0,,

Q2+ Z0},) Q2P + Zoo),) — 2350,

, (A3)

with Zy = /uo/€o, Z° =k./ko, ZP = ko/k,, and o’
denotes the rotated-surface conductivity tensor. If the
material has no intrinsic off-diagonal contribution to the
surface conductivity, then the components of the rotated-
surface conductivity tensor simplify to

k)% Oxx + k)% O'yy

o !/

xx 2 s
kp
2 2
;o kioy, + kyaxx
Oy = 2 >
1
A kxky(qy — Ox)
O.Xy - O.yx - k2
1]

The result of this calculation is presented in Fig. 7, where
we assume a z-polarized emitter located at a distance of

014011-6



TUNING TWO-DIMENSIONAL HYPERBOLIC...

PHYS. REV. APPLIED 12, 014011 (2019)

(a) Pristine ( ) Bias (c) Strain
107 107 107
o e &
S s s
|53 o |=3
& & &
3 10° 8 10° 8 10°
3 3 3
[\ o ['%
10° 10° 10°
0 1 2 3 4 0 1 2 3 4 0 1 2 3 4
w (eV) w (eV) w (eV)
(d) Pristine (e) Bias (f) Strain
107 107 107
u* > ™
5 10° 5 10° 5 0°
& 8 &
E 10° @ 10° 8 100
I I I
10' 10’ 10’
0 1 2 3 4 0 1 2 3 4 0 1 2 3 4
w (eV) w (eV) w (eV)
FIG. 7.

(a)(c) Purcell enhancement for a z-polarized emitter placed 1 nm above the 2D sheet without gain. Elliptical to hyperbolic

transition is not observed in the Purcell spectra due to the high interband losses. (d)~(f):= In the low-loss regime (loss reduced by 100),

one can identify this transition.

1 nm from free-standing bilayer black phosphorus. Due to
the large loss in the optical conductivity in the hyperbolic
regions, a clear transition from the elliptical to hyperbolic
regime [47] is not observed, as shown in Figs. 7(a)-7(c).
The fact that this is due to the large losses is confirmed by
carrying out similar calculations where the real part of the
optical conductivity is reduced by a multiplicative factor of
100. In this case, one can clearly observe the elliptical to
hyperbolic transition as shown in Figs. 7(d)-7(f). More-
over, the transition point of the Purcell factor is clearly
shown to be tunable as a function of bias and strain.
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