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Complexity
Schrödinger: life substance is “aperiodic crystal” (modern formulation – Laughlin, 

Pines and others – glass)

Intuitive feeling: crystals are simple, biological structures are complex

Origin and evolution of  life: origin of  complexity? 



Complexity (“patterns”) in inorganic world

Stripe domains in ferromagnetic thin
films

Stripes on a beach in tide zone

Do we understand this? No, or, at least, not completely

Microstructures in metals
and alloys

Pearlitic
structure
in rail steel
(Sci Rep 9,
7454 (2019))



Magnetic patterns
Example: strip domains in thin ferromagnetic films



Magnetic patterns II

Competition of  exchange interactions (want homogeneous
ferromagnetic state) and magnetic dipole-dipole interations

(want total magnetization equal to zero)



Magnetic patterns III

Classical Monte Carlo simulations

We know the Hamiltonian and it is not very complicated

How to describe patterns and how to explain patterns?



What is complexity?
• Something that we immediately recognize when we 

see it, but very hard to define quantitatively
“I know it when I see it” (US Supreme Court Justice Potter 

Stewart, on obscenity)
• S. Lloyd, “Measures of complexity: a non-exhaustive 

list” – 40 different definitions
• Can be roughly divided into two categories:
- computational/descriptive complexities (“ultraviolet”)
- effective/physical complexities (“infrared” or inter-scale)



Our definition: Multiscale structural complexity

The idea: Complexity is dissimilarity at various scales
multidimensional pattern its coarse-grained version

Complexity is related to distances between 

PNAS 117, 30241 (2020)



Multiscale structural complexity II
Solution of  ink drop in water:

Entropy should grow but complexity is not
Magnetic patterns

Derivative detects changes of  regime

And many other applications including
biology and psychology



Certification of quantum states

First make at least two complementary measurements, then analyze
the measurement results (relation to Bohr’s complementarity principle)



Certification of quantum states II
Two-dimensional map can be used to characterize the type of  quantum

states



Certification of quantum states III
One can characterize a type of  quantum states and, again, find

(quantum) critical point

1D chain; quantum critical point at 

Ising in transverse field



Certification of quantum states IV
The way to detect topological phases

Three different phases: trivial (I), topological (II), antiferromagnetic (III)

Phase diagram constructing from
dissimilarity (MSC), from maxima of

its derivatives

Dissimilarities with different basis
show different phase boundaries



Competing interactions and self-induced spin 
glasses

Special class of  patterns: “chaotic” patterns

Hypothesis: a system wants to be 
modulated but cannot decide in which

direction



Self-induced spin glasses II

Development of  idea of  stripe glass, J. Schmalian and P. G. Wolynes, PRL 2000

Glass: a system with an energy landscape characterizing by 
infinitely many local minima, with a broad distribution of  barriers,
relaxation at “any”  time scale and aging (at thermal cycling you

never go back to exactly the same state) 
Picture from P. Charbonneau et al,

Intermediate state between
equilibrium and non-equilibrium,

opportunity for history and 
memory (“stamp collection”)



Self-induced spin glasses III
One of  the ways to describe: R. Monasson, PRL 75, 2847 (1995)

The second term describes attraction of  our physical field 
to some external field 

If  the system an be glued, with infinitely small interaction g, to macroscopically
large number of  configurations it should be considered as a glass

Then we calculate and see whether the limits 

and are different

If  yes, this is self-induced glass
No disorder is needed (contrary to

traditional view on spin glasses)



Self-induced spin glasses IV

Self-consistent screening approximation for spin propagators 



Self-induced spin glasses V

Phase diagram

q-dependence of  normal
and anomalous (“glassy”,  non-

ergodic spin-spin correlators

Maximum at



Glassiness without disorder?
Giorgio Parisi, Nobel Prize in physics 2021

"for the discovery of  the interplay of  disorder 
and fluctuations in physical systems from atomic 

to planetary scales."

Actually, disorder may be not needed, frustrations are enough
(self-induced spin glass state in Nd)

Can we have something more or less exactly solvable?! – Yes!

The prototype theory: dynamical mean-field theory (DMFT) for strongly
correlated systems (Metzner, Vollhardt, Georges, Kotliar and others)



Glassiness in infinite dimensions

Frustrations are necessary

The limit of  large dimensionality d e.g.

means

The simplest frustrated model: 

Mean-field ordering temperature tends to zero at in this model



Glassiness in infinite dimensions II
Cavity construction and mapping on effective single impurity

Purely dissipative Langevin dynamics

Exactly mapped to a single-impurity dynamics with nonlocal in time “memory function”

Edwards-Anderson criterion of  glassiness (local spin-spin correlation function tends
to nonzero value in the limit of  infinite time difference)



Glassiness in infinite dimensions III

nonzero below the glass transition temperature 

First-order transition

Glassiness without disorder is 
theoretically possible!

Isotropic model



Experimental observation of  self-induced spin 
glass state: elemental Nd 

Spin-polarized STM experiment, Radboud University



26
4/28/25



Ab initio: magnetic interactions in bulk Nd

• Dhcp structure drives competing AFM interactions
• Frustrated magnetism 27

4/28/25

Method: magnetic force theorem (Lichtenstein, Katsnelson, Antropov, Gubanov
JMMM 1987)

Calculations: Uppsala team (Olle Eriksson group)



Ab initio bulk Nd: energy landscape

• E(Q) landscape features flat valleys along high 
symmetry directions
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See A. Principi, M.I. Katsnelson, PRB/PRL 
(2016)/(2017)



Spin-glass state in Nd: spin dynamics
Atomistic spin dynamics

simulations

To compare: the same for prototype
disordered spin-glass Cu-Mn

B. Skubic et al, PRB 79, 024411 (2009) 

Typically spin-glass
behavior



Order from disorder

Glassy state at low T
and long-range order

at T increase

T=5K (a,c): spin glass
T=11K(b,d): (noncollinear) AFM



Order from disorder II

Phase transition at approx. 8K (seen via “complexity” 
measures) – right one is our multiscale structural

complexity!



Frustrations and complexity: Quantum case

How to find true ground state of  the quantum system?

In general, a very complicated problem (difficult to solve even for 
quantum computer!)

Idea: use of  variational approach and train neural network to find
“the best”  trial function (G. Carleo and M. Troyer, Science 355, 602 (2017))

Generalization problem: to train NN for relatively small basis (K
much smaller than total dim. of  quantum space) and find good

approximation to the true ground state



Frustrations and complexity: Quantum case II
Quantum S=1/2 Hamiltonian

NN and NNN interactions

24 spins, dimensionality of  Hilbert space 

Still possible to calculate ground state exactly
Training for K = 0.01 d (small trial set)



Frustrations and complexity: Quantum case III



Frustrations and complexity: Quantum case IV

It is sign structure
which is difficult to
learn in frustrated 

case!!!

Relation to sign
problem in QMC?!

"Somehow it seems to fill my head with ideas - only I don't exactly know 
what they are!” (Through the Looking-Glass, and What Alice Found There)



Further development

Communications Physics volume 6, Article number: 275 (2023)

Many-body quantum sign structures as non-glassy Ising models
Tom Westerhout, Mikhail I. Katsnelson, Andrey A. Bagrov

The idea: use machine learning to find amplitudes and then 
map onto efficient Ising model

When amplitudes are known the trial ground state energy < Ψ # Ψ >
is a bilinear function of  signs si, and 

we have Ising optimization problem in 
K-dimensional space; K is very big but 

it turns out
that the model is not glassy and can be 

optimized without too
serious problems
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https://www.nature.com/commsphys


Further development II
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It turns out that even for initially
frustrated quantum spin models
the effective Ising model is not

frustrated, both couplings are small
and optimization is quite

efficient



Further development III

The quality of  optimization is quite 
robust with respect to uncertainties 

in amplitudes (overlap with the exact 
ground state)
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Analogies with biological evolution?

Energy landscape in physics is similar to fitness landscape in biology



Analogies with biological evolution II

Can the change of  e.g. biological temperature switch fitness landscape
from  a few well-defined peaks to a glassy-like with many directions of

possible evolution?

Cambrian Exposion as an analog of  magnetic phase transitions
in neodymium?! 

Well… for me (as a physicist) it is a good place to stop

MANY THANKS FOR YOUR 
ATTENTION


