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Outline  
Introduction: Graphene and massless Dirac fermions 
 
Realistic interelectron interactions in graphene: mapping 

on pi-band and on effective Hubbard model 
 
Is freely suspended graphene semimetal or excitonic 

insulator? 
 
Screening and optical properties 
 
Non-Fermi-liquid behavior in weak interaction regime 
 
Many-body renormalization of ballistic conductivity at the 

neutrality point  
 

 
 



Carbon, an elemental solid 
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Mother of all graphitic forms 

Fullerenes Nanotubes   Graphite 



Why graphene is interesting? 
Till 2004: a way to understand graphite, nanotubes, 

fullerenes +  theoretical interest  
(Dirac point Wallace 1947, McClure 1956…)  

 
Do we theoreticians need experimentalists?! – Yes!!! 

(Klein tunneling, supercritical charge, ripples, new wave  
equation – bilayer, new type of transport…) 

 
1. Applications (modern electronics is 2D, bulk is 

ballast) 
2. Prototype membrane (new drosophila for 2D 

statistical mechanics) 
3. CERN on the desk (mimic high energy physics) 

 
 



Honeycomb lattice  

 

 

 
 

 
 
 
 

 
 

Two equivalent sublattices,  
A and B (pseudospin) 



Massless Dirac fermions 

sp2 hybridization, π bands crossing 
the neutrality  point  

 

Neglecting intervalley scattering: 
massless Dirac fermions 

 
Symmetry protected (T and I) Massless relativistic 

particles (light cones) 



Massless Dirac fermions II 

Spectrum near K (K’) points is linear. 
Conical cross-points: provided by 
symmetry and thus robust property 

Undoped Electron Hole 



Massless Dirac fermions III 
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If Umklapp-processes K-K’ are neglected: 
2D Dirac massless fermions with the Hamiltonian  

“Spin indices’’ label sublattices A and B 
 rather than real spin 



Massless Dirac fermions in 
condensed matter physics 

 

 

 
 

 
 
 
 

1. d-wave superconductors 
2. Vortices in superconductors and in superfluid helium-3 
3. Topological insulators 
4. Graphene 

Gap in high-Tc cuprates 
Electronic structure on  
surface of Bi2Se3 



Strength of Coulomb interactions in graphene 

Generalized Hubbard model for π-bands only 
 
 
 
 
 

π bands (blue) crossing Fermi level  

σ bands (green) at higher energies  

All electrons except π contribute to 
screening of the Coulomb 

interactions (constrained RPA) 
 
 
 
 
 

Polarization function 

Wehling, Şaşıoğlu, Friedrich, Lichtenstein, MIK & Blügel, PRL106, 236805 (2011) 



Strength of Coulomb interactions in graphene II 

Static cRPA dielectric  
function of graphene in  

momentum space 

Graphene vs graphite 



Effective Hubbard model for graphene 
Schűler, Rȍsner, Wehling, Lichtenstein & MIK, PRL 111, 036601 (2013) 

Long-range Coulomb interection is crucially important for graphene 
but not everywhere, e.g., for magnetism effective Hubbard model 

should be OK. How to build it?  

We have: 

We want:  



Effective Hubbard model for graphene II 
The idea: Feynman-Peirels-Bogoliubov variational principle 

denotes the Gibbs average over the trial system  

The calculations are done by lattice QMC 



Effective Hubbard model for graphene III 

A naive estimation: 
 
turns out to be amazingly good 

For translationally invariant system: 

Number of particle conservation 



Effective Hubbard model for graphene IV 

Calculations for benzene, 
graphene and silicene 

Decrease of effective U 
roughly by a factor of 2 



Semimetal-insulator phase transition 
M. Ulybyshev, P. Buividovich, MIK & M. Polikarpov, PRL111, 056801 (2013) 
   Lattice QMC simulations; Hubbard-Stratonovich transformation: 

Neutrality point: μ = 0 

No sign problem (e-h symmetry)! 

18 by 18 sites, 
20 time slices, 
T = 0.5 eV 
 
(should be  
improved 
in future!) 



Semimetal-insulator phase transition II 

The effect of screening by  
σ-bonds is essential. At our 
distances a factor 1.4 

(1) Introduce the mass term m 
(2) Chiral condensate Δn, difference in occupation number  
between A and B sublattices 
(3) Introduce external dielectric constant (due to substrate) ε 



Semimetal-insulator phase transition III 
We are on  
semimetal side 
(screening by σ 
bonds is crucial) 
but not too far from 
the transition point 
ε ≈ 0.7 
 
Exciton fluctuations 
may be important 



Effect of vacancies/adatoms: QMC 
M. Ulybyshev & MIK, PRL 114, 246801 (2015) 
 Random missing sites equally distributed in two sublattices  

AFM state with very strong exchange interactions  



Effect of vacancies/adatoms II 
For vacancies: clearly 
contradict experiments 
 

Model of empty sites gives too srong antiferromagnetic exchange  



Effect of vacancies/adatoms III 
For fluorinated  

graphene: mostly 
no local moments 
(or very high AFM 
coupling between 

them) 

For vacancies: quite strong  
distortion, buckling etc., other 
rlectron states are involved 



Effect of vacancies/adatoms IV 
Gap opening dut to Coloumb interaction   

Quite noticeable gap in 
impurity band and much 
larger in K point for freely 
suspended graphene with 

5% defects.   
 

Can be measured optically 



Renormalization of Fermi velocity 

 

 

 
 

 
 

Coulomb interaction of 2D masless fermions 
(Gonzales, Guinea, Vozmediano, Nucl. Phys. B 1994) 

Zero doping (Fermi level at the Dirac point) 
Logarithmic renormalization of the Fermi velocity due to Fock 

contribution 



Renormalization of Fermi velocity II 

 

 

 
 

 
 

Effect of screening is 
quite important 

Graphene on hBN, Coulomb 
interaction 



Renormalization of Fermi velocity III 

 

 

 
 

 
 Seen in Schibnikov-de Haas  

(Elias et al,  Nature Phys. 2011) 
and quantum capacitance  
(Yu et al, PNAS 2013) exper. 

Fitting 



Optics 

 

 

 
 

 
 Single-particle result for the Dirac Fermions: 

Experiment:  

No corrections 
within accuracy 

3% 



Optics II 

 

 

 
 

 
 Do we expect renormalization? A controversial issue 
For short-range interaction one expects no renormalization 
 

For Coulomb interaction graphene is not Fermi liquid 

Various ways of regularization gives C = 0.01, or C=0.26 

Phenomelonogical theory of Fermi liquid: 

Microscopic theory for Hubbard model: 



Optics III 

 

 

 
 

 
 

Numerically: almost no renormalization in semimetal phase 
and strong renormalization in AFM insulator phase   

Lattice QMC 



Static screening 

RPA (lowest order) result:  

No small parameters, how good is it? 

Second-order result: 

Corrections are significant! 



Static screening II 
Monte Carlo simulations: put two point charges, calculate 
effective interaction energy,   

Zero-temperature results 



Static screening III 
Perturbative (RPA) result fits very well the QMC despite 

of the absence of any explicit small parameter 



Quantum- Limited Resistivity 

no temperature  
dependence 
in the peak 

between 3 and 80K 
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Transport via evanescent waves 

Conductance = e2/h Tr T per valley per spin 

T is the transmission probability matrix 
The wave functions of massless 
Dirac fermions at zero energy:  
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Boundary conditions determine the functions f 

MIK, EPJ B 51, 157 (2006) 



Transport via evanescent waves II 

f(y+Ly) = f(y)  
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Edge states near the top and bottom of the sample 

New type of electron transport: via evanescent 
waves – different from both ballistic and diffusive 



Transport via evanescent waves III 
Leads from doped graphene 

Conductivity per channel:  

The problem of “missing pi(e)” – may be, no problem 



Many-body renormalization 

Caldeira & Leggett, 1981, 1983: tunneling with dissipation 

F. Guinea & MIK, PRL 112, 116604 (2014) 

Overlap of the wave functions are suppresed by overlap  
of the wave functions of environment (then, averaging over 

the environment) 

Transport via evanescent 
waves is tunneling 

e-h pairs as thermal bath 

Nonlocal self-interaction 



Many-body renormalization II 
Correction to the effective tunneling action 

Screened Coulomb interaction Bare Coulomb interaction 

For undoped graphene 



Many-body interaction III 
Suppression of tunneling 

probability 

for isolated graphene 

In the presence of metallic layer:  



Many-body renormalization IV 
At finite temperatures the cut-off wave vector 

Magnetic field effects on diffusion! 

T= 1K 



A recent experiment 

Power-law behavior with temperature 

Also, graphene on hBN 



Main collaborators 
A.Geim, K.Novoselov (Manchester) 
F.Guinea (Madrid & Manchester) 
A.Lichtenstein (Hamburg) 
T.Wehling (Bremen) 
M.Ulybyshev (Regensburg) 
V.Braguta, N. Astrakhantsev (Moscow) 
 

MANY THANKS! 
 

Conclusions 

Nonlocal interaction, no small parameters, 
still a lot of open questions  
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