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Zoo of 2D materials
Plenty of 2D materials Graphene

starting from graphene
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Flat at T=0: graphene vs silicene/germanene
charge density, DFT, courtesy of A. Rudenko

graphene €& % %* S,
flat, sp2 R X

germanene
buckled, sp?-sp3

Graphene is extremely stiff

James Hone, Jeffrey Kysar, Changgu Lee and
Xiaoding Wei Science 321 385(2008)

from Nobel prize site;
an invisible 1 m? hammock
could sustain a 4 Kg cat

Our quantitative theory (Los, Fasolino, MIK) gives a
limit 2.7 Kg for a point cat and 8 Kg for a cat
uniformly distributed over the hammock

0123 nm

density ;1 0.77 mg/m2,



Why a 2D crystal should not exist

3D crystals:
atomic displacements << interatomic distances up to melting (Lindemann)

<iiy ; ><<d’

harmonic approximation valid up to high temperature
2D crystals
large fluctuations, harmonic approximations fails
Peierls and Landau concluded (~1930) that 2D crystals should not exist

Graphene invites to review their arguments later revisited by Mermin and Wagner

For a review: Graphene as a prototype crystalline membrane
M. |. Katsnelson, A. Fasolino, Acc. Chem. Res., 46, 97 (2013)



Lattice dynamics of graphene

Expand V(R) to 5\ 5(0) I of Oﬂﬁ Otﬁ
V(R)=V(R))+5 ¥ A

2nd order around n.,J ni.n' J H! ﬁ' J
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quadratic ZA mode



Phonons of graphene (atomistic

simulations)
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Finite temperatures

In the harmonic approximations, the mean square displacement is

il fj >= ZZNOJ\ZJ-@;L (e%j)* (eﬁ) coth (hz%)

2D : in plane deformations diverge logarithmically due to acoustic branches.

< Uu

Cut at gpmin ~ L

T L
<xnj > = <ynj >R 27CMC% n E

mmm) [ .andau, Peierls: 2D crystals cannot exist

2D in 3D out of plane deformations, w% 4 (q) o< g w— stronger divergence

<h. >

e = ¥

aqq Eq

out of plane fluctuations grow as L, tlat phase unstable!



Anharmonicities are crucial

2D

Harmonic approximation (uncoupled modes) never works
due to divergent contribution of acoustic modes

Trick to remain stable: become rippled (like crumpled paper)

Consider coupling of acoustic in-plane and out of plane (ZA) modes
(Nelson,Peliti 1987)

This stabilizes the 2D layer

- Height fluctuations h ~L — h ~ LS (<1
- Deviations from complete flatness at any T # 0, thermal ripples
- Critical, power-law behaviour of correlation functions



Crystalline membrane - phenomenology

Elastic energy

E= /ngz: [g (V2h)" + p?, + @ ]

Strain tensor

_ 1 aua+3u[3+ oh Oh
Haf = 5 Org  Odx, 0Oz, 018

Minimization of elastic energy: Foppl — von Karman equations

22 1 921 A2 27 a2 . A2
w2y — (OO S OO0Th 070 OTh Y _ p
dy* dx dx= Jy dxdy dxdy

A2y y [OPh 0% 92h \ ,
D — _— — . —
' a2 Oy? dxdy

@ Airy stress function (potential for in-plane stress tensor)




Crystalline membrane - fluctuations

D. .R._Nelson, T. Piran & S. Weinberg (Editors), Plh(x), us(x)] = Z~'e" =T
Statistical Mechanics of membranes and Surfaces
World Sci., 2004 thermal distribution

»WW» ANINAD

In harmonic approximation (free fields)

T
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graphene h?) ~—=L> and the correlation function (7ipix
R

K

does not tend to constant at R — o0

Membrane cannot be flat in harmonic approximation, nonlinearities
are crucial



Crystalline membrane — fluctuations Il

Effective interacting field theory

| -
[ Ditexp (—iﬁlj —fﬁ) —
= exp (EfL f)

1.
| Dii exp (— 3 ﬁLﬁ)

Integrating out #-field:

7 — J Dh(7) exp {—p®[h(7)]}

O — %Z kg ||’ +§ZR(7€, g zj) (h,;;hg,—g) (h,?,hg,?,)
q GRR!
N2/ =2
R(lz, K @’) = (q - k) ng - k) Y'is 2D Young modulus



Crystalline membrane — fluctuations Il

Nonlinearities lead to scaling (like at critical point, but for any
finite temperature

T
G(g) = ) Effective bending rigidity xp(q) ~ g "
g<q* = STY strong coupling regime
- 167K?

AR(Q)s 1R(q) ~ g™ L

£

1 () ~ L*

afy [ = %k
DY (q) = <”a€? Mﬂcj> N G2l .
¢ =1- z

77u:2_277

Effective elastic moduli tend to zero, effective bending rigidity to
infinity



Crystalline membrane — fluctuations IV

Computer simulations for graphene (Jan Los, Annalisa Fasolino, MIK)
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Ripples and corrugations: Experiment

[1] J.C. Meyer et al., Nature 446, 60 (2007)
[2] M. Blges et al., Nature 524, 204 (2015)

=
10 ym
static ripples free-standing static ripples in free-standing graphene
graphene (A=10 nm, h=1nm) (A=1pm, h=100nm)
Broadening of Bragg peaks [1] interference microscopy image [2]

[5] J. Zang et al., Nature Mater. 12, 321 (2013)

wrinkles and crumples under strain
scanning electron microscopy images [5]



Experiment and simulations confirm scaling

C 16 T

Graphene Kkirigami oo
r W hermal ]
Melina K. Blees'!, Arthur W. Barnard’, Peter A. Rose', Samantha P. Roberts!, Kathryn L. McGill', Pinshane Y. Huangz,
Alexander R. Ruvyack?®, Joshua W. Kevek!, Bryce Kobrin!, David A. Muller®* & Paul L. McEuen"* 2r
Bending rigidity » increases with size as L7 with n = 0.85 5 s
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| ripples and fluctuations
magnitude) [ | |
010o 10! 102 102 104

K (eV)

Renormalization of in-plane phonons and elastic moduli
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How to calculate n analytically?
|
Generalization: H = 5 / d”x [" (321')2 =+ )\Uo%a + 2uUapUag ]

1 )
Uwp = E(aar- dgr — bup) strain tensor
r=(x+u. h), whereue R” andh e R¢~P

Physical situation: D = 2, 4 = 3 but
as usual better keep as parameters

Importantly: nonlinearity in out-of-plane displacements is crucial
but nonlinearity in in-plabe displacements can be skipped

1 . | nonlinear coupling
UaB = 5(3uu-_5 + Ogg +0 between curvature and
stretching

strain tensor



Self-consistent screening approximation

Le Doussal and Radzihovsky, 1992 Diagrammatic expansion neglecting vertex

(a) k k—q

q q q

Go(d) G(q) YR(k, K, q)

ki K +q
(b)  k-gq © k-¢q
k q kE kK q k
v O OO O
- - L+ O O -

Fig. 9.7 (a) Basic elements of the diagram technique (see the text). (b) The lowest-
order perturbation expression for the self-energy corresponding to Eqg. (9.96). (c)
The self-consistent version of the previous diagram corresponding to Eq. (9.131).
(d) The diagram summation equivalent to the SCSA.

- Y
G'(@) = Gy (@) + 2@ A

2T
= 2772 . o 2
27 Yerlk g x k . ~ 7
z@zj éﬁﬁzy}() : kz) G(k-3) (k) = J (if; ( sz’) G(p)G (K - p)

D = 2, d =3 for simplicity, otherwise additional tensor structure



ForD=2d=3

G(q)

Self-consistent screening approximation |l
~ (0.821 close to our 7 =~ 0.85

4
”—1+vw

Parameters for graphene
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5 oo f Simple interpolation
100 F~ \ ;’S ::1 :j\
~ R 4 4—n

_n
ol ~ \ 10 l;'[_;_]J 10 G —1 (q) _ @ _|_ (E) 1 2 Q()Wq
N ! T T o
10° F
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Go(q)
10~ 107 10_;(.%7) 10~ 10
For any 4 and D , :
de rHre—-nrp+nHre—-1%)
/ — / /
Gij(q) =zd;j |q|_4+’7 2 r&+Hre-w-Hr&+mrg+2-14)

Formally exact in the limit 4. = 4— D — o0 but not too bad
for physical case (for unknown reasons)



Modification of the model and e-expansion

Scaling behavior of crystalline membranes: An Achille Mauri *. Mikhail I. Katsnelson
g-expansion approach Nuclear Physics B 956 (2020) 115040

Quantum field-theory RG based on the idea of scaling invariance

T~
n renormalized
w * <" pending rigidity
/'-\
Joc b
renormalized

@ — elastic moduli
= X

Instead of working with initial model we introduce a new model
(Gaussian curvature interaction, GCI model) coinciding with the
correct one for D = 2 only)

Analogy:
Heisenberg model is either O(#) model for » = 3 or SU(N) for N =2



GCI model

Hubbard-Stratonovich transformation
Plh(x)] = / [dA]e ™ HIGAG]
7 H= /dD [ (9*h)? + (82 )2 +72)\K}

local representation
consistent with locality in renormalization amplitudes

highly non-local interaction k k

—— PavaVe Ve Ve Vi
Eo = K /(12 /dz /dz;r'x x|21n x| K(x) 1 Yo
2. 167 k4 k*

effective field theory for out-of-plane fluctuations in D=2-dimensional

membranes ko —i (kK3 — (k1 - ko)?)
k; ;
L “4< = —i (k3k3 — (k2 - k3)?)
K(x)=—= 6}8 - 818 6ﬂhah
( ) 2( J j')( J ) ]:(3 = 4§ (kgk?_(kjkl)2)

approximate Gaussian curvature

diagrammatic rules

and now we will consider this model for a generic D

As usual, D = 4 is a special case where interactions are marginal



GCI model Il

¥ coupling renormalization counterterm

B(Y)
amplitucle renormalization
/_ counterterm
H= /dD:r@azh)Q 2’/\)2 + z’)\K}

[ S

dimensional reqularization
D=4-¢ K) — ﬂ/IE

Y
Y
Y

ZyvY Y
ZQ

RG flow

d. = N, the number of components of field A
D=4-¢

Parameters of the model:



GCIl model Il

- ffM\\ + S L+ ﬁ\l L T
cancellation of leading

vertex corrections
to O(g?) value of the exponent

self-consistent screening approximation n = 2e — N(2 - N,) g2+ ..
exact at O(c2) N+4 6(N+4)°
— 0.8 — 0.0053 + ...

at N=1ande =2

€ g2
1= 5 T35 TOE) o

Despite ¢ = 2 e-expansion works amazingly well due to small numerical
factors; 2 <<'1



Scaling invariance without conformal invariance

Scale without conformal invariance in membrane theory
Achille Mauri *, Mikhail I. Katsnelson Nuclear Physics B 969 (2021) 115482
Motivation: Conformal invariance (if it holds) is the most powertul tool

to calculate e.g. critical exponents with enormous accuracy — see recent
results by Rychkov et al on 3D Ising model

The conformal bootstrap: Theory, numerical techniques, In 2D this is especially poweful but this
_ and applications o is not our case, since embedding space is
David Poland, Slava Rychkov, and Alessandro Vichi D d h o £
Rev. Mod. Phys. 91, 015002 (2019) - Published 11 not 2L, 50, we do not have mtinite set o
January 2019 generators etc.

|
1 'l
T - T T q
scale symmetry rotation symmetry conformal invariance

;o By — D
“ 1-2(b-x) + b2x2

X


https://journals.aps.org/rmp/abstract/10.1103/RevModPhys.91.015002
https://journals.aps.org/rmp/abstract/10.1103/RevModPhys.91.015002

Scaling invariance without conformal invariance |l

D, P, =iP, Poincaré group + dilatations

Py, L] = i(8as Py — 60 Ps)

Log, Lys) = 1(08yLas + 0asLpy — 0ayLps — 0gsLa~)

D, K] = —iK, special conformal transformations
(Ko, L] = i(6as K- — 5m@
conformal

generator

(d+1)(d+2)/2 generators



Scaling invariance without conformal invariance ll|

response to non-uniform
Wilson’s RG

energy-
momentum tensor

rotational invariance

Taﬁ — Tﬁcx €q = Wapls Wap = —Waa

T = To + €q(X)
scale invariance

Too = 0. Va €o = €Tq
conformal invariance V® = j% 4 0p L% where j¢ is conserved (Jq j¢ = 0)
V* is a local field, the ‘virial current’
V% must have a scaling dimension exactly equal to {V*} =D — 1 since {Top} =D
Usually non-conserving currents for interacting fields acquires anomalous dimension and

thus should vanish — therefore generally speaking scaling leads to conformal symmetry
(if there are no special reasons to protect dimension of nonconserving vector current)



Scaling invariance without conformal invariance IV

Unitary theories in two dimensions  Unitary theories in four dimensions
Wilson-Fisher fixed point Critical 3D Ising model

scale implies conformal invariance
Linear elasticity theory: an example of scale-invariant but non-conformal field theory

What about our case of anharmonic (nonlinear) elasticity?

1
M= / P [(92h)? + ho(ttae)® + 2Jt0tapiiap

Uep = (0qup + 0gug + dgh - dgh)/2

Important symmetries (incl. rotations of membrane 1n embedding space)

hﬁh_*_AOl'xOl ’

1
Ug —> Uy — (Ag -h) — E(Aa -Apg)xg

for any set of D vectors A, in (d — D)-dimensional space



Scaling invariance without conformal invariance V

scale-breaking term

|
aa - a5 [(th) + /\O(U*ozoz + 2#0“&{9’“&5 .+.

trace of improved symmetric energy-momentum
tensor

u_field equation of motion virial current

E. = 03043 Va = [(D = 2)Xo + 20| UaU~yy — dpoUslas

Z0 also at the fixed point

TaB = A00aBU~yy + 2[0Uag and + 9,1
Btas

Virial current does not vanish at the fixed point and does not obtain
anomalous dimension (direct RG calculation)

Related to additional symmetries of the problem (incl. rotations in
embedding space); the same conclusion for GCI model

A. Mauri and M.I. Katsnelson, NPB 969, 115482 (2021)



Quantum membranes: Graphene at low

Phonons are Bose-particles with Planck distribution function

This provides third-low of thermodynamics: entropy S — 0
at temperature T — 0

Heat capacity also — 0 at T'— 0. Harmonic approximation:

Cy(T) = Z C; o (hw'&)z exp (%)
’ [

-
T) Texp (%) 1"

Thermal expansion coefficient

1 /0Q
o =—— | —
P Q\or),

Q) 1s the volume for three-dimensional crystals and area for two-

dimensional ones; p 1s the pressure

also should — 0 since oL = — 95 (Maxwell relation)
oar), op/



Quantum membranes Il

Quasiharmonic approximation (Gruneisen law)

o yCy (T) _ Zy y,C; S Olnw,
"o TR G 0ln Q

microscopic Griineisen parameters

PHYSICAL REVIEW B 86, 144103 (2012)

Bending modes, anharmonic effects, and thermal expansion coefficient FOI‘ ﬂexural p hOIlOIlS, Grunelsen

in single-layer and multilayer graphene parameters diverge at q — 0

P L. de Andres.' F. Guinea,' and M. I. Katsnelson?

B o
Vi = — e B
I kg s o
£ -1 |
qr ; % -2
1 dq 1 1 T 1 1 K'p 3 4 /«-?A
—_— | — = — n ~ — n 2
Az ) q 8tk hw* 16k A?Y? © / 2\
q* .l /,f \\
f \\
-6 / )
° N r M K r
Negative and T-independent!!! Wavevector
Fig. 9.9 Griineisen parameters calculated in graphene with the potential

LCBOBIL
(Reproduced with permission from Katsnelson & Fasolino, 2013.)



Quantum membranes Il

One needs guantum theory ot anbarmonic tlexural phononsl!

PHYSICAL REVIEW B 94. 195430 (2016)

Quantum elasticity of graphene: Thermal expansion coefficient and specific heat

L. S. Burmistrov,"? L. V. Gornyi,"**° V. Yu. Kachorovskii,"**3 M. L. Katsnelson.® and A. D. Mirlin"-**7

Correct results with some heuristic arguments

PHYSICAL REVIEW B 105, 195434 (2022)

Editors’ Suggestion

Perturbative renormalization and thermodynamics of quantum crystalline membranes

Achille Mauri®” and Mikhail 1. Katsnelson

Full quantum field theory RG consideration

Partition function:

Z = f [dh(x, 7)du, (x, )]e /"

li/(kgT)
S[r(x, 7)] :f dt fd X {Er + —(a2r)2
0

Quantum action (kinetic energy added):

)\‘_hk/(ﬂvﬂv%)lﬁ
= Nt/ (p*)'2. T = (p/&)" kg T /1

areal mass density p

—~

A
+ E(Uaa )2 + ﬁUaﬂUaﬁ}



Quantum membranes IV

D(O)((I) k) — _ hk&'kﬁ
Bare Green functions for in-plane o0 (P + (A + 2f0)[Kk|* + &[k|*)k
28 . _
(D) and out-of-plane (G) phonons L ;l(k Oap : koikﬁ)4 .
(pw= + i|K|= + & [Kk[*)k-
_ hé;;
G (w, k) = - U—
g pw? + k|K|[*
Dimensional analysis at o ~ k? [x]=—-1 [t]=—-z=-2

[h]=2+4+2-4)/2=0 el =2 4+2-2)/2 =1
Terms Z)Llé/z and fé(azbta)z/z in Sand Oylty, 0gUly in Uyp

should be neglected. Important: all 7gezher, otherwise we break
exact symmetries which lead to wrong results!!!

/T h2 1, A
S:/ df/‘dz){f{—‘k_(ahh)2‘|‘_(uaa)2 . .
0 2 2 2 Effective action
+uuarﬂuaﬂ _Ua(}’uﬂf}a

where uyp=(,ug+dguy,+3,h - 9gh)/2, A = hL/(pR)'/2,
= nhin/(pH'2. T = (p/k)/*kgT /N, and o = & /k. After



Quantum membranes V

Importantly: at D = 2, D + z = 4, we are at the critical dimensionality,
all divergences are logarithmic, and the theory is renormalizable

Renormalization of bending rigidity and Young modulus

AT 30/2—1
ié%iér(k)z[l-l-golﬂz] K Y%ﬁ(k)z[l—l—golﬂ?} )%
3(d.+6)Y  3(d. +6)hY 0 =4/(d. +6)
T T8 T 18 () 2 (4.= 1 for real membranes)

g0 = 0.02 for graphene Bending rigidity increases as (log/\)*/”

Young modulus decreases as 1/(log A)!/7

Violation of Hooke’s law: effective bulk modulus

| 1 8 3(d, +6)Y A2\
~— 4 — (14 In —1
Bg(oc) B 3Y 2567 o




Quantum membranes VI

................................ _,._‘_ B 10_4
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FIG. 2. Anomalous Hooke’s law for a graphene membrane at
T = 0. The red solid line represents the macroscopic bulk modulus
Bt = 106 /00 as a function of the applied tension &, as described by
Eq. (41). The red dotted line is constant as a function of the applied
stress and identifies the microscopic bulk modulus B ~ 12.7 eV A2
controlling the normal Hooke’s law for a membrane constrained in
two dimension (without quantum-mechanical out-of-plane fluctua-
tions). The strain induced by tension is represented by blue dashed
lines. The effective bulk modulus vanishes in the limit 0 — 0 as
B.i(0) ~ (In(1/0))~"7. The singularity, however, is very slow. The
prediction for the stress-strain relation breaks down when the tension
is so large that the stress dominates over bending rigidity at all
momentum scales up to the cutoff A. Equation (41) is thus valid for
F < kRA* >~ 40 N/m.
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Quantum membranes VII

10 1

—a [107°K~1]

10715 10710 10 100
T [K]

FIG. 3. Negative thermal expansion coefficient for an unstressed
graphene membrane as a function of temperature (red solid line). In
the limit 7 — 0, & — 0 as expected from the third law of thermody-
namics, but the approach to zero is only logarithmic with 7.

A very strong prediction: almost constant thermal expansion coefficient
for any realistic temperatures (for freely suspended 2D materials). Vanishes

at T'— 0 but very slowly, as d. ln(ln(Az/T))
oT ~ —— 3
L 8 [(go/2) In(AY/ T




To conclude

1. We have quite good description ot scaling
properties for classical case
2. Rare example of nontrivial field theory with
scaling but without conformal invariance
3. Quantum theory is renormalizable and can be

considered quite rigorously.
4. Very unusual thermal expansion, on the border
of violation of third law of thermodynamics

5. Beyond this talk: statistical physics of compressed
membranes (still unsolved)

ANTION

ANKS FOR YOUR ATT]

MANY TH
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