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Epigraphs
To the theoretical physicists, ferromagnetism
presents a number of very interesting,
unsolved and beautiful challenges. Our 
challenge is to understand why it exists at all.

Make things as simple as possible but not simpler

(Feynman Lectures on Physics)

(A. Einstein)



Magnetite – first known magnet

Very complicated structure, still a lot of open
questions 

Two types of Fe sites (tetra and octa);
Metal-insulator transition;
Charge ordering;
Role of orbital degrees of freedom;
Half-metallicity...



Types of magnetic ordering
Sometimes very 

complicated

α-Mn

Textbook wisdom

Spin spirals

γ-Fe UO2



Relation to superconductivity 
and other phenomena

Simplified phase diagram of Cu-O
high-Tc  superconductors

Layered cobaltates
NaxCoO2



Types of magnetic interactions

The first term: exchange interactions (Heisenberg model)
Quantum, nonrelativistic (Coulomb interaction plus Pauli principle).
Determine the type of magnetic ordering (mostly)

The second term: magnetic anisotropy
Quantum, relativistic (due to spin-orbit interaction). At least, 
second-order in SOC. Determine “practical” magnetism (hard
and soft magnetic materials, hysteresis loop, etc.)

The third term: Dzyaloshinskii-Moriya interactions
Quantum, relativistic (due to spin-orbit interaction). First-order in 
SOC but require broken inversion symmetry. Responcible for
weak FM, skyrmiones etc. 



Levels of description
- Macroscopic (LLG equations + temperature
balance, etc.)

- Microscopic, classical Heisenberg model

- Microscopic, quantum itinerant-electron model

-Ab initio, time-dependent density functional or
Green function functional (GW, DFT+DMFT, …)

Multiscale problem



LDA (DFT)+DMFT versus DFT
(Lichtenstein & MIK 1997, 1998,1999; Anisimov et al 1997)



How to map fully microscopic 
description to magnetic Hamiltonians? 
The talk is based on theory developed for about 40 years, first of 
all, with Sasha Lichtenstein, and with other friends and colleagues



The first step: adiabatic approximation
In condensed matter physics we know the basic laws, 

it is laws of quantum mechanics

In solids/liquids/molecules/clusters...

Adiabatic approximation: small parameter

allows to separate electron and lattice degrees of freedom



Adiabatic approximation for spins
Spin variables are not separated at the level of Hamiltonian;
some serious work is needed but at the end it can be done

quite rigorously 
The basic idea: dual boson approach, collective variables are

introduced into the fermionic action

Applications
to spin degrees

of freedom



The main conceptual results
1. Mapping of interacting electrons onto effective spin 

Hamiltonians is possible only locally, near given 
equilibrium spin configuration; distinction of local
and global spin models

2. Even locally, ambiguity in definition of exchange 
parameters: magnon energies (poles of dynamic 
susceptibility) vs energy of static magnetic 
configurations (static susceptibility)

3. In two cases the mapping is unambiguous: (3a) 
small wave vectors (spin-wave stiffness constant is 
unique) and (3b) well-localized magnetic moments 
(Stoner splitting is much larger than characteristic 
magnon energy)



Magnetic force theorem
Initial idea: to calculate the change of thermodynamic potential

under small spin rotations with respect to equilibrium spin 
configuration

Works both for density functionals and for Green function
functionals; to be specific, consider the latter case. 



Magnetic force theorem II
Variation of thermodynamic potential under e.g. spin rotations

For local self-energy (e.g. DFT+DMFT)

Decomposing the expression for local torque into pair terms
we find expression for exchange parameters

Nomenclature:

Expressed in terms of self-energy and Green functions



Magnetic force theorem III
DFT analog

(B – exchange-correlation field, integration over occupied 
energy states)

Transformation to RKKY-like shape
Substituting

(contains also Stoner damping); corresponds to the poles of 
dynamic susceptibility in adiabatic approximation for xc field



Comparison to alternative approaches
Difference of total energies of magnetic configurations? – but it
assumes Heisenberg shape of the Hamiltonian which is rarely true
Energy of spin spiral magnetic configurations? – much better, but
it does not give magnon energy, contrary to local force theorem

With explicit formula we can study general tendencies

One can see that close
to half-filling exchange is

not ferromagnetic (therefore
it is so difficult to have FMs

with high magnetization 
@RT)



Non-Heisenberg exchange
Almost obvious for itinerant-electron magnets



Non-Heisenberg exchange II
Even for insulating metal-oxide compounds

Nomenclature

Fe atoms in elementary cell 
of hematite; green spins down

Polarization of oxygen effects
essentially on superexchange

LDA+U calculations



Orbital decomposition

Stoner criterion is fulfilled due to eg states only; 
they should play a special role in magnetism

(Irkhin, Katsnelson, Trefilov, JPCM 5, 8763 (1993)) 

bcc Fe as an example: different role of different orbitals

Crystal field splitting DOS for non magnetic Fe



Orbital decomposition II

t2g are itinerant electrons providing (Heisenberg-like) RKKY
exchange with Friedel oscillations; eg are more correlated providing 
(non-Heisenberg) “double exchange” typical for narrom-band systems 



Orbital decomposition III

Qualitative explanation within
Kugel-Khomskii model

LDA+U results: competing
FM and AFM contributions

to superexchange



Applications to various systems: Alloys
Invar problem Heussler alloys

Mean-field estimate of Curie
temperature



Applications to various systems: 
Magnetic monolayers



Applications to various systems: rare-
earth elements

Nomenclature



Dzialoshinskii-Moriya interactions
MIK, Kvashnin, Mazurenko & Lichtenstein, PRB 82, 100403 (2010)

LDA+U

DM interactions
(weak FM, etc.)

Small rotations



Dzialoshinskii-Moriya interactions II

Starting from collinear
configuration



FeBO3
A novel exper. 
technique to 
measure DM vector
and not only canting
angle (resonant
X-ray scattering)

Agrees 
well
with 
exper.



Molecular magnets

Example: V15 AFM ground state S = 1/2



LDA+U calculations



LDA+U calculations II
Exact diagonalization
for Heisenberg model



Mn12: full calculations

Motivation The prototype molecular
magnet

Dimension of Hilbert
space: 

(2ˣ2+1)8(2ˣ3/2+1)4=108

A real challenge!



Mn12: full calculations II
Inelastic netron scattering data: cannot be explained without 
strong DM interactions (MIK, Dobrovistki & Harmon, PRB 1999)
Eight-spin model: S = ½ dimers from S=2 and S=3/2
Dimensionality of Hilbert space decreases to 104

Cannot be justified quantitatively!
Full LDA+U calculations plus Lanczos ED 



Mn12: full calculations III
Plus anisotropy tensors...

No fitting parameters at all – not
so bad!



Mn12: full calculations IV

Also, thermodynamic quantities can be calculated



Ultrafast magnetism: Examples

Nickel Koopmans et al PRL 2005 Orthoferrites Kimel et al
Nature 2005

Gadolinium Melnikov et al 
PRL 2003



Ultrafast magnetism: a theory

Consider dynamics of Baym-Kadanoff-Keldysh countour

Path integral over Grassmann variables 



Ultrafast magnetism: a theory II
Introduce rotations

Expand effective
actions up to the
second order in
“Holstein-Primakoff”
fields  ξ, ξ*

Integrate over Grassman variables neglecting vertex corrections



Ultrafast magnetism: a theory III
General expression of nonlocal in time exchange
interactions in terms of Beym-Kadanoff-Keldysh
Green’s functions. E.g., time-dependent stiffness constant:

Additional terms (twist exchange) of the structure 

(at equilibrium forbidden by time-reversal symmetry)

The first step is done, a lot of things to do



High-frequency limit
Quickly oscillating strong electric field: quickly oscillating effective hopping

At very high frequency effective static Hamiltonian should exist

Classical analog: Kapitza pendulum
One needs to develop efficient
perturbative theory in inverse
frequency of the laser field

In classical mechanics: 
Bogoliubov, Krylov ...

Development for matrix Hamiltonians:
A. P. Itin & A. I. Neishtadt, Phys. Lett. A 

378, 822 (2014)



A.P. Itin & MIK, PRL115, 075301 (2015); C. Dutreix & MIK, PRB 95, 024306 (2017)

High-frequency limit II
Perturbation expansion: general scheme

Application to magnetism: E. A. Stepanov, C. Dutreix & MIK, PRL 118, 157201 
(2017)



High-frequency limit III
Effective superexchange in narrow-band half-filled Hubbard 

model

One can change sign of effective exchange interaction



Beyond the talk

- Spin dynamics (including lattice + spin dynamics);
- Application to nonmagnetic systems (analogs for 
superconductors and for charge-ordered systems;
- Finite-temperature effects

Collaboration with many people, especially 
Nijmegen, Hamburg, Uppsala, and Ekaterinburg

groups

Thank you for your attention
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